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QUANTIFYING VOLUME CHANGES FROM COVARIANCE
PROPAGATION

Jackson Kulik: and Keith A. LeGrand’

In a Hamiltonian dynamical system, the volume associated with a highest density
region containing a given probability mass is exactly conserved. Similarly, the vol-
ume of covariance ellipsoids are conserved under linear covariance propagation in
these systems. In this work, we quantitatively explore the non-conservation of
volume associated with ellipsoids arising from higher-order and unscented propa-
gation of the covariance. Along the way, we compare the volume preservation of
the unscented transform based on different whitening transformations and param-
eters. Finally, we note a novel family of conserved quantities related to the state
transition tensors.

INTRODUCTION

A nonlinear transformation g(x) is considered volume preserving if everywhere

og\
det <8X> _1 ()

Note that a volume preserving linear transformation A preserves the determinant of the covariance
of a Gaussian distribution propagated through that linear transformation as a result of the multi-
plicative property of the determinant. If the random variable x; € R" is distributed as a Gaussian
with prescribed mean and covariance pq, Py

X1~ N(Mh Py) )
and
X9 = AX1 (3)
then
X ~ N (pg, P2) 4)
where
P, = AP,AT (%)

So, when A is volume preserving, the determinant of the covariance before and after the linear
transformation are equal:

det(Py) = det(A) det(P;) det(AT) = det(P;) (6)

* Assistant Professor, Mechanical and Aerospace Engineering, Utah State University, Logan UT
T Assistant Professor, School of Aeronautics and Astronautics, Purdue University, West Lafayette, IN



As such, we consider a transformation between two Gaussian distributions to be volume preserving
if the determinant of each covariance is equal to the other

det(P1) = det(P2) (7

Another equivalent sense in which two Gaussian distributions can be considered to have the same
volume is in the sense of the volume of their highest density regions, the ellipsoidal region which
contains all points with probability density above a given threshold or equivalently Mahalanobis
distance from the mean below a given threshold. The k—o ellipsoid is the region defined by

Spp ={x st x'Px < k‘2} ®)

This describes an ellipsoid with semi-axes given by the vectors

a; = kyv/\iv; ©)

where (\;, v;) is an eigenpair of the covariance P. The volume of a hyperellipse is given by the
volume of a unit hypersphere multiplied by the determinant of a linear transformation that brings
that sphere to the chosen hyperellipse. Such a linear transformation has singular values given by the
semi-axes of the ellipsoid. This implies that the determinant of the linear transformation is given
by the product of the lengths of the semi-axes of the ellipsoid and the overall volume of the k—o
covariance hyperellipse in n-dimensions is

27‘('”/ 2

Vol(Sy,p) = (k \/W) T

where I' is the gamma function which generalizes the factorial. Thus, the square root of the deter-
minant of the covariance matrix is proportional to the volume enclosed by a covariance ellipsoid
and preservation of the covariance determinant is equivalent to preservation of the volume of k—o
covariance hyperellipses.

(10)

The flow of a Hamiltonian dynamical system is volume preserving according to Liouville’s theo-
rem! so that the Jacobian of the flow, also known as the state transition matrix, is always a volume
preserving linear transformation for any reference trajectory and time-of-flight. This implies that by
using linear covariance analysis in a Hamiltonian dynamical system, the volume of any covariance
ellipsoid containing a fixed probability mass is conserved as the linear covariance propagation is
carried out.

Similarly, the volume of a highest density region? is always conserved under a Hamiltonian flow.
The highest density region is defined as the minimum volume region enclosing a given probability
mass. This is one generalization of the covariance ellipsoid to non-Gaussian distributions. Because
a Hamiltonian flow is a diffeomorphism with determinant of the Jacobian equal to unity everywhere,
the probability density function may be mapped using a change of variables approach involving the
inverse of the flow.!

On the other hand, if the first two moments of the distribution are mapped forward under the dy-
namics using higher-order techniques (beyond linear covariance analysis) and used to fit a Gaussian
distribution, the ellipsoids containing a given probability mass associated with that higher-order
approximation of the covariance will generally not have the same volume as the initial covariance
ellipsoid containing the same probability mass. In this work, we will quantify this effect under Tay-
lor series-based propagation of the moments as well as unscented transform-based propagation of



the moments. Boodram et al. numerically investigated the non-preservation of Gaussian mixtures
propagated with third-order expansions of the flow and presented arguments based on Gromov’s
widths for invariants of the phase-space densities.> We present additional analysis from a perturba-
tions perspective on the volume of higher-order propagated covariances and develop an additional
invariant for the partial derivatives of the flow-map of a volume preserving dynamical system.

The main tool we will use in this analysis is the following expansion of the determinant known
as the Jacobi formula to quantify how volume preserving a transformation is:

det(A + ¢B) = det(A)(1 + etr(A™'B)) + O(¢?) (11

INVARIANTS IN A VOLUME PRESERVING FLOW

First, we will examine the volume preserving qualities of the second-order Taylor series of the
flow of a dynamical system

, . | o
' (x0 + 0%0;t) = ¢"(x0;t) + P(x0; t);-éxf) + §\I/(x0; t);kéxf)éx’g (12)

where ®, W are the first two partial derivative tensors of the flow-map with respect to the initial
state variables. These are called the state transition matrix and second-order state transition tensor
respectively.

By the Jacobi formula, we have that
det(® + ¥ox) = det(®) (1 + tr (27" ¥ox)) + O (6x?) (13)

On the other hand, we know that the determinant is constant for the Jacobian of the true nonlinear
flow map ¢, and the Taylor series for the determinant about any point must have all zero coefficients
past the first constant term.

1 = det <88(g‘x()+§xa> = det(®) (1 +tr ((I'_I‘I’(SX)) +0 (5x2) (14)
— tr (® ' W¥ix) =0 (15)
for all 4x. Note that this trace expression above is equivalent to a linear function of dx
tr (@71 Wox) = (@71) W), 5" (16)
= tr (<I>*1\I!5x) =cTox (17)
where o
= (®71), ¥} =0 (18)

This trace equality can be framed as an approximate volume preservation condition on the first-order
Taylor series approximation of the STM. In particular, it requires that for perturbations to the STM,
WHx, given a perturbed reference trajectory, dx, the generalized eigenvalues of that perturbation
with respect to the original STM all sum to zero.

Knowing that c is the zero vector from qualities of the state transition matrix and state transition
tensor, we can derive qualities about the partial derivatives of the dynamics by examining the time
derivative of this invariant vector c

0=é = (@) W, + (@) &), (19)



We review the two time derivatives that appear in this expression
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where ¢ is the Kronecker delta, and the final implication comes from the fact that the state transition
matrix is always full rank, and thus null vectors of the state transition matrix must be the zero
vector. For the circular restricted three-body problem as well as the two-body problem in cartesian

525 \J
coordinates, this fact trivially arises from the fact that all terms of the form ( g%) ~ are equal to
jq

ZEro.

This first-order analysis of the Jacobi identity applied to the determinant of the state transition
matrix has yielded two interesting sets of n identities that relate the first- and second-order partial
derivatives of the dynamics and the flow of a Hamiltonian dynamical system. It does not seem that
either equation is identical to the second-order symplectic invariant discussed in the literature* that
generalizes the well-known symplectic condition associated with the state transition matrix.>°

HIGHER-ORDER COVARIANCE PROPAGATION
Taylor Series Based Covariance Propagation

We examine the change in volume of a Gaussian distribution propagated by fitting the first two
statistical moments propagated using a second-order approximation of the dynamics. We will as-
sume the Taylor series of the flow-map of a dynamical system over some time ¢ is given by (12).
By this approximation, the second-order approximation of the covariance matrix is given in terms
of the partial derivatives of the flow-map by’8

j & 1o j kis kos ks kay Lo :

p, =P +6P 27)

Plgl k2 PISBM (26)

where we have split up the first- and second-order contributions and dxy = xg — fy. The matrix

Pgl) represents the linear covariance propagation. While linear covariance propagation can be a
poor approximation,” it has the property that it preserves volumes exactly.



Unscented Transform Based Covariance Propagation

The unscented transformation may also be used for higher-order covariance propagation. We
specifically consider the scaled unscented transform, which prevents undesirable sigma point spread-
ing with increasing state dimension.!® Given a distribution with mean g and covariance P, the
2n + 1 input sigma points are formed according to

Xéo)zuo
) = po+VaEX[VP] i=1,.n (28)

(2

X()(Hn):uo—\/m[\/P»o]' 1=1,....n
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where
A=a*(n+k)—n (29)

and « and k control the size of the sigma point distribution. The matrix /Py in (28) can be any
(square) matrix square root of P, and [\/ PO]z' represents the i column of this matrix. Associated
with each sigma point are weights for the mean and covariance propagation, given by

wi =2

w) TRl
w, = 2mn 1=1,...,2n

w!® = i=1,....2n

where (3 is yet another tuning parameter which can be adjusted to account for higher order moments
of the input distribution. Throughout this work, 5 = 2, which is considered optimal for a Gaussian
distribution. Each sigma point is mapped through the nonlinear flow as

Xt(")ch(X(i);t), i=0,....2n G1)

The propagated statistics are then recovered from the output sigma points as
2n ( )
m) 4,(2
Ht = Z w; Xt(
i=0

o . (32)
P, = ZU}Z(C) (Xt(i) - Ht) (Xt(i) - Ht)
i=0

Perturbation Analysis

Considering (26) and recalling that Pgl) is equal in volume to Py, the perturbing effect due to

) P§2) is of interest. With this, the expansion of the determinant of the covariance up to second-order
is given by applying the Jacobi formula as

det (Py) = det (P{")) <1 +tr ((pgﬂ)l 5P§2’>) +0 (H&PEZ’ HD (33)



where || - | p represents the Frobenius norm. The perturbing term is given by

() e = (1)), (e)”

where

—1 m
(") = @) (B, (@7, @)

The trace of a product of an inverse of a symmetric positive definite matrix and another symmetric
positive definite matrix is given by the sum of the generalized eigenvalues. In this context, we
have the sum of the extrema of the P,El)—Mahalanobis distance of the marginal variance contribution
from the second-order perturbation to the covariance. The trace quantity from (34) can be used an
approximation of the percentage of non-volume preservation from the second-order approximation
of the covariance preservation and could be used as an indicator of both the inaccuracy of linear
covariance propagation and of the inaccuracy of a moment-matched Gaussian approximation based
on the second-order or unscented propagation of the moments.

EXAMPLE

This section examines the volume preservation characteristics of uncertainty propagation meth-
ods in a cislunar orbit. The equations of motion for the circular restricted three-body problem
(CR3BP) are given in the synodic frame as

d

xX= F(x) (36)
_ T
F(x) = [x g 2 2+ 234 %—U] 37)
. 1 — * * 2 2
where U(z,y, z) = T T‘ + ||M T + ’ —; Y is the effective potential, the reduced mass is defined
Ir Iro
as u* = — ™2 for the two primary bodies with masses mj, mg respectively. The primary body

mi + ms
with greater mass is given index 1 so that m; > my. Both masses are located along the z-axis at

[—p*,0,0] and [1 — p*,0,0] with respect to their common barycenter at the origin. The position
of the satellite of interest with respect to the primary and secondary bodies is given by r; and
ro respectively.!! The reference orbit used in the following sections models the proposed NASA
Gateway orbit'? in the CR3BP and is shown in Figure 1. The initial conditions and mass parameter
used for the orbit are

1 =1.0/(81.30059 4+ 1.0), zo = 1.022022,
20 = —0.182097, 5o = —0.103256

in nondimensional units with other initial coordinates equal to zero. This initial condition coincides
with the apolune of the orbit. The period of the orbit is approximately 1.511111 nondimensional
time units where 27 time units correspond to the period of revolution for the Earth-Moon system.
In this example, we employ an initial Gaussian distribution with mean equal to the Gateway initial
conditions and covariance given by

P, = 10~8diag([1,0,1,0,0,0]) + 10714 (38)



in nondimensional canonical units. The 1-sigma distances are on the order of 40 [km| along the
x and z directions, 4 [km] along the y direction, and 0.01 [m/s] in each velocity direction. This is
the same orbit and same initial uncertainty as employed in our previous work on Gaussian mixture
uncertainty propagation'3 for ease of comparison.

In Fig. 2, we plot the logarithm of the determinant of the covariance as propagated by the first-
order method—which remains fixed over time, along with the covariance propagated by the second-
order covariance propagation from (26), its approximation from (33) and (34), and finally from the
unscented transform. The determinant of the covariance grows by around ten orders of magnitude
around perilune as propagated by the higher-order methods, indicating that the volume grows by
five orders of magnitude at this time, representing a serious dilution in the maximum likelihood of
any one point as modeled by a Gaussian distribution using the higher-order propagated covariance
as opposed to the linearly propagated covariance. This is further resolved in Fig. 3 where the
logarithm of the ratio between the second-order covariance determinant and its approximation as
well as the original covariance are presented. We can see that generally the approximation of the
second-order covariance determinant is fairly accurate except when the second-order covariance
determinant blows up, in which case the second-order approximation still qualitatively demonstrated
the blow up despite missing the mark by two orders of magnitude.

The unscented transform employed in the study above used scaling parameters o = 1073, k = 0,
and 8 = 2. In order to demonstrate that the particular square root matrix (representing an inverse
whitening transform) employed by the unscented transform does not significantly affect the volume
of the resulting Gaussian distribution, we uniformly sample from the space of all valid square root
matrices, which can be parameterized by

VPo € {SoQ : Q € O(n)} (39)

where O(n) is the orthogonal group in dimension n, and Sy is the lower-diagonal Cholesky fac-
tor of Pg. Random square root matrices are then obtained by drawing Haar-distributed orthogonal
matrix samples on O(n).'* Fig. 4 shows for one hundred such randomly sampled whitening trans-
formations for the unscented transformation, what the resulting ratio between the UT predicted
covariance determinant and the original covariance determinant is after one period of propagation
with the unscented transform based on each whitening transformation. The distribution has minor
spread, indicating that the degree of non-volume preservation of the unscented transform is largely
independent of the particular choice of unscented transform. While not plotted here, the invariants
in (18) and (22) are conserved nearly up to machine precision in this example.

To get a visual understanding of the effects of volume non-preservation of uncertainty in practice,
we performed volume-preserving linear covariance propagation as well as non-volume-preserving
unscented uncertainty propagation and compared the results against a Monte Carlo uncertainty prop-
agation with 10,000 samples at perilune of the orbit. The resulting probability density function and
scatter plots from the Monte Carlo are displayed in the x — y marginal distribution in Fig. 5. Even
though changes in volume to do not necessarily carry over from the full 6-dimensional distribution
to a lower dimensional distribution, we see that the marginal distribution from the unscented trans-
form is much more spread out than the linear covariance, and that the mean does not necessarily
coincide as well as the linear covariance solution does with the mode of the distribution propa-
gated nonlinearly in a Monte Carlo. While the unscented propagated distribution covers more of
the support of the Monte Carlo distribution, it also has regions of high likelihood that are outside
the support of the true distribution. The opposite is true of the linear covariance propagation, which
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Figure 1. Full NRHO considered in three-body uncertainty propagation application.
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Figure 2. The logarithms of the determinant of the covariance associated with first-
order, second-order, trace-based second-order approximate, and unscented propaga-
tion of the covariance.
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Figure 5. z — y marginal densities from linear covariance (left) versus unscented
(right) uncertainty propagation against a Monte Carlo distribution at reference per-
ilune

covers less of the support of the distribution but coincides better with the most dense parts of the
true distribution. This is reflected in a number of statistical metrics of agreement.

To quantify the differences between the linear covariance propagated distribution and the un-
scented transform propagated distribution to the reference Monte Carlo empirical distribution, we
employ the Cramér von Mises (CvM) norm metric. The CvM metric between a univariate marginal
distribution and its empirical approximation is given by

wy = /_ ) (F*(a7) - Fy(27))" dF*(a) (40)

where F*(27) is the cumulative marginal distribution and Fy(27) is the N-sample empirical distri-
bution.'> To assess the goodness-of-fit of multivariate distributions, we simply consider the 2-norm
of the marginal metrics arranged as a vector as

[w?ll2 = [[[w? - w2, (41)

In order to obtain the marginal cumulative distributions F(27), we approximate the propagated
distribution as Gaussian with moments matching those obtained via the linear covariance and un-
scented transformation methods.

The expected likelihood kernel (ELK)'® is also used to compare the moment-matched Gaussian
approximations against the reference empirical distribution. If x has probability density p and x’
has probability density p’ then the ELK is

2 / / 1 al /
P0.8") = Bplpod] = [ pla/ e~ 5 3 alx(y) @)
=1

where () is the support of the probability density functions. The ELK is also known as the likelihood
agreement measure (LAM) in other work (see, e.g.,'7).

Table 1 shows the ELK and CvM metrics for the two approaches to uncertainty propagation
when compared with the true distribution as reflected by the Monte Carlo study. One can see that
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the linear covariance propagation has a higher ELK value which indicates better agreement of the
distributions on locations of high density. In fact, the ELK is a measure of modal agreement more so
than a measure of overall distribution goodness-of-fit, despite its popular usage for the latter. This
property of ELK is discussed in the following subsection.

On the other hand, there is better overall agreement between the unscented propagation dis-
tribution and the true distribution on average over the entire domain as measured by the CvM
metric (which attains its minimum of zero when the two distributions are identical, though the
multi-dimensional CvM metric can also become zero for distributions which merely have identical
marginal distributions). Additionally, Fig. 5 shows that the highest likelihood of either marginal
distribution differs by nearly an order of magnitude in support of the idea that even the marginal
distribution is less dense and higher volume in the case of unscented propagation. In some ways,
this shows that higher-order Gaussian propagation (such as the unscented transform or second-order
covariance propagation) tends to be more conservative than linear covariance propagation, though
at the loss of agreement of the distribution near the mode of the true distribution. Overall, both
central moment based approximations fail to capture the true density structure, motivating adaptive
Gaussian mixture approaches.'®

ELK CvM Norm
Linear | 3.789 x 1022 | 1348.363
Unscented | 2.516 x 1020 | 231.256

Table 1. Distribution error metrics at reference perilune passage.

Limitation of ELK for Measuring Distribution Goodness-of-Fit

The behavior of ELK can be illustrated via the Holder inequality with exponents 1 and oo respec-
tively:

| oy @)an < myxp(a) | p2)dz = myxp(a 43)

where the Dirac distribution located at the mode of the original distribution attains the highest ELK
of any distribution, including the original distribution. For example, ELK for a standard univariate
Gaussian with itself is 1/2,/7 while the ELK between a standard univariate Gaussian and the Dirac
distribution at zero is 1/+/27 which is greater by a factor of /2. This indicates that ELK is a better
metric for modal agreement than for overall agreement of two distributions.

CONCLUSION

In this work, we have derived an approximation for the increase in volume of covariance ellipsoids
under second-order approximations of the flow of a dynamical system. Additionally, we developed
a novel conserved quantity in the second-order approximation of the flow of a volume-preserving
dynamical system. In a cislunar example, we demonstrated that higher-order covariance propaga-
tion can lead to increases in covariance ellipsoids volume increases of many orders of magnitude
despite the system being volume-preserving. Further, we experimentally demonstrated that the par-
ticular choice of unscented transform does not significantly affect the level of volume preservation
that the unscented transform exhibits when employed with cislunar uncertainty propagation. Linear
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covariance propagation, which is volume-preserving, is shown to underestimate the true density in
key regions of the effective support, whereas higher-order propagation inflates volume to better en-
capsulate the effective support, consequently overestimating the density in low probability regions.
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