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Abstract—Tractable quantification of uncertainty evolution is
essential for critical functions in many fields, including space
domain awareness. Gaussian mixture-based approaches capture
the non-Gaussianity induced by nonlinear dynamical systems
while requiring less computation than standard Monte Carlo-
based approaches. Differential algebra can produce a Taylor
series expansion of a dynamical system’s flow up to arbitrary
order, but strong nonlinearities and growth in uncertainty can
reduce accuracy away from the expansion point. To avoid costly
Taylor series expansions at each Gaussian mixand, a Taylor map
at a single point can be exploited to approximate the true flow
at multiple components. The region of validity of these maps
is approximated with two methods: the region of convergence
of the Taylor series and the truncation error at the (m − 1)th-
order using the induced tensor norm of the mth-order term. The
resulting Taylor polynomials can then be employed in efficient
propagation of the Gaussian mixands comprising the uncertainty
distribution. These subdomains surrounding expansion points can
result in valid Taylor series approximations for multiple mixands,
in turn lowering computational demand compared to performing
polynomial evaluations about each mixand mean while retaining
a desired threshold of accuracy.

Index Terms—Nonlinear estimation, Gaussian mixtures, Taylor
polynomials, uncertainty propagation

I. INTRODUCTION

Modeling the evolution of uncertainty in nonlinear dynam-
ical systems is a central problem in a broad range of fields,
including space domain awareness. Gaussian mixtures (GMs)
tractably represent non-Gaussian uncertainty distributions by
offering a balance between the mathematically convenient
properties of Gaussian distributions and the accuracy of
sampling-based methods. However, this balance is accom-
panied by a tradeoff: while adding more Gaussian mixands
improves the approximation of the true probability density
function (pdf), each mixand also increases the computational
burden. Popular propagation methods typically treat each
mixand individually, implicitly assuming that this propagation
remains valid only over the support of that mixand. This
conservative approximation ensures that the computational
effort scales linearly with the size of the mixture.

For uncertainty propagation, linearization of the dynamics
has long been an attractive choice due to its lightweight nature,
both in the form of extended Kalman filter (EKF)-style deter-
ministic linearization [1] and unscented Kalman filter (UKF)-
style statistical linearization [2]. As these techniques struggle

in highly nonlinear systems, higher-order extensions incorpo-
rate state transition tensors (STTs) and higher-order unscented
transformations [3], [4]. Differential algebraic approaches [5]–
[7] offer another method for higher-order approximations of
the statistical moments of the output density, employing power
series representations of variables for efficient propagation.
While this work considers only uncertainty propagation, poly-
nomial approximations for the measurement update step have
also been proposed for analogues of both the EKF [8] and
UKF [9]. Further uncertainty propagation alternatives include
polynomial chaos expansions—which constructs a surrogate
model of the local dynamics [10]–[12]—and evaluation of
the general Bayesian filter through the Gauss von Mises
distribution [13]. Solutions of the Fokker-Planck equation
for pdf approximations have been explored in a variety of
manners [14]–[16], while multi-fidelity techniques help alle-
viate the computational burden of traditional sampling-based
approaches [17].

The automatic domain splitting (ADS) approach [18], [19]
reuses Taylor approximations of the flow throughout the do-
mains over which the approximation remains valid, and splits
the domains when their error exceeds some threshold. Once the
subdomains and their associated Taylor maps are computed,
the subsequent cost of mapping a sample with these approxi-
mations is negligible. The ADS approach offers undeniable
advantages in Monte Carlo-based uncertainty propagation,
where the number of subdomains is a tiny fraction of the
number of samples. On the other hand, existing ADS methods
can be counterproductive for propagating GMs of small to
modest size, producing more subdomains and maps than the
number of mixands and negating any efficiency gains.

This work combines the flexibility of traditional propa-
gation of individual mixands with the reuse of individual
Taylor series expansions from ADS. Instead of defining and
maintaining strict domains of valid approximations, this work
examines validity individually at each mixand mean. Taylor
series expansions are performed at a collection of points—
termed expansion points (EPs)—and the region of validity
is constructed by determining which mixands are accurately
described by these Taylor maps, as depicted in Figure 1.
Additional EPs are placed greedily until the entire mixture is
covered, which permits propagation at reduced cost compared
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Fig. 1: Assignment of Gaussian mixands to Taylor maps based on region of validity, permitting reuse of a single map for
multiple mixands. Green arrows denote an acceptable assignment; red indicate an invalid potential assignment.

to evaluating Taylor maps at each individual mixand.
This paper proposes improved GM propagation through

exploiting a single Taylor series expansion for the propagation
of multiple mixands. The region of validity for a Taylor
expansion is estimated through two distinct proxies. The �rst
considers the region of convergence of the Taylor series, while
the second bounds truncation error by approximating the error
in the (m � 1)th order Taylor map with the mth order term.
These methods are then evaluated on uncertainty propagation
in a cislunar dynamical system. Cislunar space describes the
region between the Earth and Moon, where gravitational inter-
actions from multiple celestial bodies can produce highly non-
Gaussian densities [20]. Both the computational ef�ciency and
the accuracy with respect to the true transformed distribution
are considered, where the proposed method for placement
of EPs achieves signi�cant savings in GM propagation at
negligible cost to accuracy.

II. PROBLEM FORMULATION

This paper investigates the approximation of a nonlinear
transformation, g, of a pdf p(x) associated with a random
variable x. Throughout the work, lowercase bold symbols—
e.g., x—are used to denote vectors and vector-valued func-
tions, while uppercase bold symbols—e.g., F—denote matri-
ces and tensors.

In this work, the function g is de�ned as the �ow operator
' �t of a deterministic dynamical system over a �nite time
interval �t, as discussed in [21]. The evolution of the state
vector x 2 Rn is governed by the continuous-time system

dx
dt

= f (x; t); (1)

where the vector �eld f may explicitly depend on time.
Whenever it does not lead to ambiguity, the time argument

is omitted for brevity. The corresponding �ow map is de�ned
as

' �t (x(t 0)) = x(t 0 + �t) = x(t 0) +
Z t 0 +�t

t 0

f (x(� ); � ) d�:

(2)
Computing the discrete-time map g and its derivatives is

computationally expensive. While a variety of approaches exist
for obtaining these quantities, the complexity grows rapidly
with the derivative order regardless of the chosen method [22].
However, these higher-order derivatives are particularly im-
portant when propagating an approximation of p(x(t0 + �t))
through highly nonlinear systems, since the transformed pdf
is generally not available in closed form.

III. BACKGROUND

A. Gaussian Mixtures

In Bayesian nonlinear estimation, GMs are commonly used
to represent non-Gaussian uncertainty. A GM can approximate
pdfs with �nitely many discontinuities to any desired level
of accuracy [23]. The mixture is composed of L Gaussian
components, referred to as mixands. Each mixand is de�ned
by a weight wi 2 R, a mean mi 2 Rn , and a covariance
matrix Pi 2 Rn�n , where n is the state dimension.

The resulting GM pdf is given by

p(x) =
LX

i=1

wi N (x; m i ; P i ): (3)

A central property exploited by GM-based estimation meth-
ods is that Gaussian random variables remain Gaussian under
linear transformations. As a result, when a nonlinear mapping
is locally well approximated by a linear function over the
support of an individual mixand, the transformed compo-
nent remains approximately Gaussian. At the same time,
the superposition of multiple components allows the overall
mixture to capture strongly non-Gaussian features [23]. When
nonlinearities become signi�cant within the effective support
of a mixand, improved propagation accuracy can be achieved



through Gaussian splitting: decomposing that component into
several Gaussians with smaller variances [24].

B. Partial Derivative Tensors and Tensor Recentering

Local properties of a nonlinear function g can be character-
ized using Taylor expansions about a reference point. Let mi

denote the mean of the random variable x, and let � represent
a deviation from this point. A Taylor expansion of g about the
EP mi is written as

g(m i + �) =
1X

k=0

1
k!

G (k) � k ; (4)

where G(k) denotes the kth-order partial derivative tensor of g
evaluated at mi , and �k indicates repeated tensor contraction
with k copies of the vector � to produce a vector output. In
practice, the expansion is truncated at order m, where m is an
arbitrary non-negative integer:

g(m i + �) =
mX

k=0

1
k!

G (k) � k + O(� m+1 ): (5)

For illustration, retaining terms up to second order yields

g(m i + �) = g(m i ) + G (1) � +
1
2

G (2) � 2 + O(� 3); (6)

where G(1) and G(2) are the Jacobian and second-order partial
derivative tensor of g evaluated at the EP. When considering
the �ow ' as the function of interest, the �rst- and second-
order partial derivative tensors are known as the state transition
matrix (STM) and STT, respectively. The shorthand G(2) � 2

denotes double contraction, with components

(G (2) � 2) i = G i
jk � j � k ; (7)

where Einstein notation implies summation over repeated
indices. Higher-order partial derivative tensors computed at
an EP can be used to approximate lower-order tensors at
nearby locations, avoiding the need to re-approximate g for
each shifted point. Speci�cally, for 0 � j � m, the jth-order
tensor can be recentered as

G (j) (m i + �) =
m�jX

k=0

1
k!

G (j+k) � k + O(� m�j+1 ): (8)

By expressing Taylor maps solely in terms of tensors eval-
uated at a given EP, tensor recentering enables ef�cient ex-
ploitation of the local nonlinear structure without re-expanding
the function at each reference point. This is particularly advan-
tageous when propagating multiple mixands, since computing
a full Taylor expansion for each can be costly. Computing
the third-order Taylor polynomial via variational equations
requires integrating hundreds of equations in the case of a six-
dimensional state [6], with costs rising for complex dynamics
and long propagation horizons [22]. So, reuse of a Taylor
polynomial for propagation of multiple mixands by recentering
to their means offers signi�cant savings.

Taylor expansions of a �ow g can be computed through
variational equations [25], �nite differencing [26], or differ-
ential algebra [7]. This work employs a differential algebraic

approach using a fork of DACEyPy* [27]. Differential algebra
systematically represents variables as truncated power series
and propagates them through the nonlinear dynamics, enabling
ef�cient and accurate computation of high-order derivatives.
However, the proposed methodology remains applicable re-
gardless of how the relevant Taylor maps are obtained.

C. First- and Second-Order Moment Propagation

Linear propagation of GM uncertainty uses the �rst-order
partial derivative tensor of the �ow (the STM) to transform
moments [28]–[30]:

m i (t f ) = g(m i (t 0)); (9)

P i (t f ) = G (1) P i (t 0)G (1) >
: (10)

Higher-order moment propagation employs higher-order par-
tial derivative tensors to improve accuracy [25]. For a mixand
with mean mi and covariance Pi at time t0, the STM G(1)

and STT G(2) can be used for second-order propagation of the
moments [31], [32]. As will be revisited in Section IV-D, in-
corporating tensor recentering enables �rst- and second-order
moment propagation for multiple mixands using precomputed
tensors, reducing computational cost while preserving high-
�delity approximations of the propagated density.

IV. METHODOLOGY

This section presents the methodology adopted for ef�cient
GM uncertainty propagation in nonlinear dynamical systems.
The approach combines three core elements: (i) approximation
of the region of validity of Taylor expansions, presented in
Sections IV-A and IV-B; (ii) greedy placement of expansion
points to minimize redundant computations in Section IV-C;
and (iii) second-order moment propagation leveraging pre-
computed partial derivative tensors in Section IV-D. Together,
these steps enable high-�delity approximation of Gaussian
mixture evolution while controlling computational cost, even
in strongly nonlinear regimes.

A. Directional Radius of Convergence

To avoid redundant computations of individual Taylor maps
for each mixand, the validity of a map can be examined at
different mixand means. One proxy for the region of validity
of a Taylor series approximation is its radius of convergence
(RoC). For a univariate power series of the form

P 1
m=0 cm � m ,

the Cauchy-Hadamard theorem offers an effective method to
compute the RoC R [33, Ch. 3]:

1
R

= lim sup
m!1

�
jcm j1=m

�
: (11)

In practice, this in�nite limit can be approximated using the
highest-order available terms. While the ratio test [33, Ch. 3]
can be used in another popular method to compute the RoC,
the Cauchy-Hadamard theorem can be applied conclusively to
a broader range of power series and its limit generally behaves

* Available: https://github.com/scope-lab/daceypy



better than that of the ratio test [34]. Additionally, Cauchy-
Hadamard is reported to demonstrate strong performance in
cislunar dynamical systems [6].

A multivariate generalization exists that extends the RoC to
conjugate RoCs: a collection of interconnected radii permitting
in�nite solutions. However, to assign mixands to valid EPs,
the full region of convergence is not required. Examining
the RoCs along the direction̂u between the EP and mixand
mean results in univariate polynomials [35], which sidesteps
complex higher-dimensional geometry without pessimistic ap-
proximations [6]. Letting � = � û and expressing the Taylor
series about an EP in tensor notation,

g(m i + �) =
1X

k=0

1
k!

G (k) � k (12)

=
1X

k=0

1
k!

G (k) ûk � k : (13)

For � 2 R n , this expression can be interpreted as a system of n
power series in �. Hence, Cauchy-Hadamard can be applied
element-wise to produce n RoCs.

[g(m i + �)] i =
1X

k=0

�
1
k!

G (k) ûk
�

i
� k (14)

1
Ri

= lim sup
k!1

��
1
k!

G (k) ûk
�

i

�
: (15)

Note that Ri corresponds to the ith output variable and does
not represent an individual bound on the input perturbation �i .
Rather, the radii are in fact bounds on �: the magnitude of �.
A mixand falls within the region of convergence of an EP if
0 � � � minfR 1; : : : ; Rn g. In practice, this directional RoC
[34] is approximated with the �nite-order Taylor maps about
an EP.

B. Change in State Transition Tensor Norm

An alternative method to assess the validity region of a
Taylor series is based on the change in the (m � 1)th-
order partial derivative tensor induced by the mth-order term.
Estimating the error arising from this deviation as discussed in
Section III-B can inform the assignment of a speci�c mixand
to a given EP. Rewriting (8) with a �rst-order approximation
gives

G (m�1) (m i + �) � G (m�1) (m i ) � G (m) (m i )�; (16)

where G(m�1) and G(m) denote the (m � 1)th- and mth-
order partial derivative tensors of the �ow, respectively, and �
is the deviation term. Assuming that the mth-order term
dominates the remaining higher-order terms, its contraction
with � provides a �rst-order approximation of the truncation
error between the (m � 1)th- and mth-order partial derivative
tensors, similar to the ADS criterion in [18].

Interpreting the absolute error in these tensors is challeng-
ing, as it depends on both the state and the system. However,

a meaningful bound can be constructed by comparing the
induced change in the partial derivative tensor to its magnitude:

kG (m) (m i )�k F

kG (m�1) (m i )kF
� ": (17)

Here, k � kF denotes the tensor Frobenius norm [36].

C. Greedy Expansion Point Placement

This work constructs a minimal set of Taylor series ex-
pansions to ef�ciently approximate a mixture. Sections IV-A
and IV-B describe the RoC- and STT-informed approaches to
estimate the region of validity of each EP. These bounds can
then guide assignment of mixands to Taylor maps to use for
propagation, as summarized in Algorithm 1.

The novel greedy expansion point placement (GEPP)
routine iteratively selects the highest-weighted unassigned
mixand, denoted with index j. Then, an mth-order expan-
sion of g is performed at its mean mj , de�ning the EP
m (l)

EP . The Taylor map Tl is computed and decomposed into
G (0) ; : : : ; G (m) . Remaining unassigned mixands, character-
ized by weights wi , means mi , and covariances Pi , are tested
for inclusion. The Boolean variable c indicates whether the
selected criterion—either STT- or RoC-based—is satis�ed.
Mixands passing the test are assigned to m(l)

EP and removed
from pun. The procedure repeats until all mixands are assigned,
yielding the sets of expansion points m(l)

EP , assigned mixands
A l , and Taylor maps Tl .

Algorithm 1 Greedy Expansion Point Placement
(GEPP)

Require: p(x(t 0)); "; g
1: pun  p(x(t 0)); l  1
2: while pun 6= ; do
3: j  arg maxfw i : fw i ; m i ; P i g 2 pung
4: m (l)

EP  m j ; A l  fw j ; m j ; P j g
5: pun  p un n ffw j ; m j ; P j gg
6: T l  TaylorExp(g; m (l)

EP ; 0; m) . Eq. (5)
7: fG (0) ; : : : ; G (m) g  T l

8: for all fw i ; m i ; P i g 2 pun do
9: �  m i � m (l)

EP ; j�j  k�k 2

10: if STT criterion then
11: c  kG (m) �k F =kG(m�1) kF � " . Sec. IV-B
12: else if RoC criterion then
13: c  � � minfR 1; : : : ; Rn g . Sec. IV-A
14: end if
15: if c then
16: Al  A l [ fw i ; m i ; P i g
17: pun  p un n ffw i ; m i ; P i gg
18: end if
19: end for
20: l  l + 1
21: end while
22: return fm (l)

EP gL
l=1 ; fA l gL

l=1 ; fT l gL
l=1 . L = l � 1

This approach reduces the number of Taylor maps and
computational cost while maintaining accuracy. Compared to



ADS, the GEPP algorithm avoids the effort of enforcing an
error tolerance over the full domain. Rather, the bounds are
only considered for a collection of points, permitting less
restrictive assignments. Furthermore, the case of empty or
sparse domains is mitigated. Taylor maps are always employed
for at least one mixand, while in the worst case of one mixand
per map, the EP is guaranteed to lie at that mixand's mean
and minimize the propagation error. In general, EPs could
be placed at any arbitrary locations, but selecting a subset
of mixand means proves most robust.

D. Recentered Second-Order Moment Propagation

Higher-order propagation of distribution moments, as dis-
cussed in Section III-C, leverages additional partial derivative
tensors of the �ow. For m � 2, these higher-order tensors—
computed at the EPs and stored in the Taylor maps fTl gL

l=1
(Algorithm 1)—can be directly reused to propagate moments
ef�ciently, improving �delity at minimal cost [32].

For an EP m(~l)
EP and its associated mixands A~l , the mean

m i and covariance Pi of a mixand i at t0 can be propagated
to tf at second order. The second-order propagation of mo-
ments [25], [32] then becomes

[�m i ]s = 1
2 [G(2)?

~l
]sq;r [Pi (t 0)]q;r (18)

[mi (t f )]u =
mX

k=0

1
k!

[G(k)
~l

]uv1 ;:::;v k
� v1 � � � � vk + [�m i ]u (19)

[Ci ]a;b;c;d = [P i (t 0)]a;b [Pi (t 0)]c;d + [P i (t 0)]a;c [Pi (t 0)]b;d

+ [P i (t 0)]a;d [Pi (t 0)]b;c (20)

[Pi (t f )] j;e = [G (1)?
~l

]jl [G(1)?
~l

]em [Pi (t 0)] l;m

+ 1
4 [G(2)?

~l
]ja;b [G(2)?

~l
]ec;d [Ci ]a;b;c;d

� [�m i ]j [�m i ]e; (21)

where � = m i � m (~l)
EP is the displacement from the EP.

The tensors marked with (�)? are exact when m(
~l)

EP = m i

(i.e., � = 0), and otherwise approximated via the recentering
formula (8). This formulation exploits the precomputed partial
derivative tensors, enabling accurate propagation of multiple
mixands with reduced computational cost.

V. RESULTS

To ensure safe and collision-free astrodynamical operations,
accurate uncertainty propagation is essential. The cislunar
and translunar regimes pose additional challenges in part due
to the underlying nonlinear chaotic dynamics. The result-
ing dynamical environment can quickly lead to highly non-
Gaussian uncertainty distributions, motivating GM representa-
tions. Therefore, the proposed methods for expansion point
placement (EPP) are evaluated for uncertainty propagation
in a high-�delity Earth-Moon southern L1 halo orbit. The
simulation incorporates the impacts of solar radiation pressure
alongside the gravitational in�uence of the Earth, Moon, Sun,
and Jupiter. For the full details of the orbit and dynamical
model, refer to [32].

The initial pdf is constructed by immediately splitting
the Gaussian de�ned in [32] to a depth of 5 using the
whitened uncertainty-scaled second-order linearization change
(W-US-SOLC) [24] heuristic to determine split direction—
producing 243 mixands—and propagating for 2 days. This
work then examines the performance of the proposed methods
for GM propagation over 12 more days, for a total of 2 weeks
of propagation.

In Section V-A, the initial distribution of 243 mixands
is propagated using the EPs placed by the proposed GEPP
algorithm, as well as two baseline cases: a single EP for the
whole mixture, and EPs exhaustively placed at each mixand
mean. The GM approximations are compared against 10,000
Monte Carlo samples treated as the truth distribution using
three �gures of merit. The Mahalanobis distance of the error
in the mean (MaDEM) assesses the approximation of the �rst
moment through the Mahalanobis distance between the means
of the GM and Monte Carlo distributions, while the maximal
covariance ratio (MCR) compares the second moments of
the two distributions by quantifying the disagreement of the
one-sigma covariance ellipsoids [24]. Finally, the Cramér von
Mises (CvM) norm [37] serves as a measure of the overall
goodness-of-�t between the GM approximation and the Monte
Carlo samples. An approximation perfectly matching the truth
produces zero MaDEM and CvM norm along with unity
MCR. Hence, results decreasing towards these values indicate
better agreement between the distributions. A more in-depth
discussion of these �gures of merit can be found in [24], [32].

A. Expansion Point Placement

For propagation of the uncertainty, EPs are placed among
the initial distribution according to four strategies. The �rst
two—GEPP-RoC and GEPP-STT—are the variants of the
method proposed in Section IV for principled placement of
EPs. Here, the GEPP algorithm iteratively places EPs at the
highest weight mixand and determines whether the associ-
ated Taylor map adequately describes the �ow at the other
mixands using either the RoC-based criterion as introduced
in Section IV-A, or the STT-based criterion discussed in
Section IV-B. The error tolerance for the STT bounds is chosen
to be 10%: i.e., following (17), the change in the second-order
STT due to the third-order partial derivative tensor must be
less than 10% of the Frobenius norm of the second-order term.
Figure 2 depicts the greedy placement of these EPs using both
criteria.

The third technique for EPP adopts the most straightfor-
ward approach. Corresponding to the row labeled “Single”
in Table II, a single EP is placed at the highest-weighted
mixand and is used by all mixands for propagation. For GEPP,
the third-order partial derivative tensor (m = 3) is used to
determine the region of validity of the Taylor expansions. For
placement of a single EP, however, the region of validity is
assumed to cover the entire distribution. Therefore, a second-
order EP is suf�cient to enable second-order moment prop-
agation. The fourth method represents the opposite extreme
of the single EP approach. The exhaustive EPP mirrors the



traditional approach for GM propagation, with EPs placed at
each mixand mean. In this case, the region of validity for
each Taylor map is assumed to cover only a single mixand.
As with the single EPP, only second-order Taylor expansions
are performed at the EPs since the region of validity is not
explicitly computed. So, this exhaustive approach resembles
the propagation step of a GM second-order EKF [38]. Table I
reiterates these four EPP methods.

TABLE I: Summary of compared EPP methods

Method Assignment criterion EP order Accuracy/speed

GEPP-RoC Radius of convergence 3 Variable
GEPP-STT STT offset norm 3 Variable
Single Assign all to 1 EP 2 Lowest
Exhaustive 1 EP per mixand 2 Highest

Fig. 2: Greedy expansion point placement over distribution marginals
using RoC- and STT-based bounds.

To evaluate the quality of the resulting approximations
from these four approaches, Table II displays the respective
MaDEM, MCR, and CvM norm. Additionally, to demonstrate
the computational ef�cacy of each technique, the quantity of
EPs is presented alongside the total runtime (nondimensional-
ized by the exhaustive EPP runtime). Examining the �rst three
�gures of merit, the exhaustive EPP can be seen to be the most
accurate. Because all EPs are placed at mixand means, the
EPs of the single and greedy EPP are subsets of those placed
by exhaustive EPP. Therefore, exhaustive EPP should never
incur greater approximation error than the other approaches.
However, this is accompanied by signi�cantly greater compu-
tational cost and only marginal gains in performance over the
greedy methods.

In particular, GEPP-RoC achieves very similar performance
to exhaustive EPP with only eight EPs: 3.3% of the EPs
employed by exhaustive EPP. Correspondingly, the runtime
for GEPP-RoC is just 3.5% of that for exhaustive EPP,
matching the reduction in number of EPs almost exactly. While
GEPP-STT sees slightly degraded approximation accuracy—
particularly in the CvM norm—the use of only �ve EPs
results in a runtime over 40� faster than exhaustive EPP. This
decrease in computational burden again closely follows the
decrease in quantity of EPs, with 2.1% of the EPs resulting
in 2.4% of the runtime. These results suggest that the vast
majority of the effort in uncertainty propagation derives from
expansion of Taylor polynomials about the EPs. Consequently,
reducing the quantity of EPs is the most ef�cient way to
improve computational performance.

Finally, the use of only a single EP in propagation of the GM
produces quite poor results. Most notably, the �rst and second
moments of the true distribution are not well approximated.
In comparison, GEPP-STT captures these statistical moments
much better with only four additional EPs. This demonstrates
that, even in cases where a large quantity of mixands can
be propagated accurately using only a small number of EPs,
careful consideration of the �ow is still required. One EP
among the initial distribution is insuf�cient to fully capture
the dynamical evolution encountered across its support. A
larger quantity of spaced-out EPs—even if only four more, as
in GEPP-STT—placed in a manner informed by the system
dynamics is necessary to avoid unacceptable levels of error
while still retaining computational savings.

TABLE II: Expansion point placement method performance.

Method MaDEM CvM norm MCR EPs Runtime [nd]

GEPP-RoC 0.1117 1.8967 1.3117 8 0.0354
GEPP-STT 0.2086 8.9255 1.5277 5 0.0241
Single 3.5684 17.9136 13.7769 1 0.0070
Exhaustive 0.0675 0.7738 1.2130 243 1

In Figure 3, the marginal distribution from the propagation
using GEPP-RoC closely resembles that of exhaustive EPP—
while exhaustive EPP propagation well approximates the truth,
as shown by Table II—despite only using 8 EPs compared to
the 243 for exhaustive EPP. On the other hand, the marginal
for GEPP-STT deviates from exhaustive EPP more noticeably.

The domains of the original EPs, as depicted in Figure 2,
can be observed in the propagated densities. Both the RoC-
and STT-based criteria place several EPs near the center of
the initial distribution in nearby, if not identical locations.
Additionally, the criteria place similar EPs along the edges of
the density. In between, however, the tighter bounds from the
RoCs leads to additional EPs. This ensures that the whole of
the curve constructed with GEPP-RoC matches the exhaustive
case well, while using GEPP-STT, a distinct section can be
seen deviating from the pdf propagated using exhaustive EPP
halfway along each tail.

Finally, the marginal for single EPP can be seen to behave
well near the center of the pdf. However, propagation using a
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