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Abstract—In large-scale decentralized state estimation prob-
lems, conservative information fusion offers solutions robust to
rumor propagation and obviates intractable data pedigree record
keeping. One such conservative fusion rule is the exponential mix-
ture density (EMD), the generalization of covariance intersection,
which provides a geometric average of two arbitrary densities. A
problem arises when network agents’ local sensing region doubles
as its effective support, in which case the EMD fusion of densities
defined on overlapping or disjoint supports discards probability
mass not belonging to the support intersection. Motivated by this
problem, this paper proposes a generalized exponential mixture
density (GEMD) fusion rule that admits state-dependent fusion
weight functions. This generalization permits weight functions
that encode an agent’s ignorance, preventing undesirable prob-
ability mass loss. Similar to existing fusion methods, GEMD
fusion is weakly conservative. The framework is also applicable to
general non-Gaussian probability distributions. This new fusion
rule further enables fusion of incomplete solutions, allowing for
reductions in communication overhead and supporting privacy-
preserving estimation. The conservativeness of the fusion rule is
demonstrated in numerical examples involving multiple weight
function classes, including one designed for ignorance-aware
multi-sensor fusion over disjoint supports.

Keywords–Multi-sensor fusion, distributed estimation, ad hoc
networks, exponential mixture density fusion, disjoint supports,
non-Gaussian fusion, conservative fusion

I. INTRODUCTION

Decentralized estimation permits scalable monitoring of
large domains. Distributed data fusion allows a network of
agents to improve their estimates through information shar-
ing of locally-processed data with their neighbors [1], [2].
Shared information can be represented as raw measurements
or summarized in the form of a probability distribution of
an agent’s local estimate. However, Bayes-optimal fusion is
challenging and intractable in ad hoc communication net-
works. Optimal results require full knowledge of network
topology and data fusion history [3]. To eliminate constraints
on large communication overhead associated with retaining
data correlations between agents, suboptimal fusion methods
are used that result in conservative approximations of the
Bayes-optimal result. These correlations can arise from com-
mon process noise between agents, as well as observations
collected and continually broadcast through a closed-loop
system [3]. While agents share measurement data across the
network, the exact information pedigree is unknown. Con-
servative fusion methods—e.g., EMD fusion and arithmetic
averaging (AA) [4]—safely combine probability distributions

with unknown correlations by overestimating the uncertainty
with respect to the optimally fused distribution. These methods
allow for tractable estimation with guarantees against double-
counting information [1].

EMD fusion, which is a generalization of covariance inter-
section to arbitrary distributions, is central to this work [5].
Current research focuses on improving fusion through weight
optimization methods [3] [5], [6]. The computational ef-
ficiency of these weight optimization methods is also an
important research area to improve practicality for online
applications [7], [8]. Fusion methods have also been ap-
plied to random finite set distributions for multi-object track-
ing [4], [9], [10].

Probabilistic distributed data fusion is limited by com-
putational complexity concerns in nonlinear, non-Gaussian
problems because the full probability density function (pdf)
or another sufficient statistic must be shared for fusion. Addi-
tional challenges arise in applications involving large domains
that far exceed any single sensor’s field of regard. In such
settings, a single agent storing and sharing estimates over
the larger global domain is intractable due to communication
and bandwidth constraints [4], [11]. Since agents commonly
maintain only the local sensing region as their effective support
for tractability in these cases, complications arise for EMD and
AA fusion methods which are ineffective on non- or partially-
overlapping supports [9], [10]. These rules overly penalize or
discard beliefs in exclusive regions of interest [4], [9]. Other
challenges associated with large-scale distributed estimation
include sensor trust, which could vary with state over large
domains based on interferences periodically decreasing infor-
mation quality of one or more agents in the network [4].

This paper proposes a generalization of the existing EMD
fusion rule that allows the specification of arbitrary state-
dependent weight functions. The proposed fusion rule, GEMD
fusion, produces fused distributions that are weakly conserva-
tive with respect to the Bayes-optimal fusion result where all
dependencies are known. GEMD is able to meaningfully fuse
subsets of distributions and does not require its input pdfs to
have equivalent effective supports. This property can improve
computational efficiency and circumvent communication and
bandwidth limitations where it may be intractable for a single
agent to maintain a global estimate in large-scale sensing
settings. This paper focuses on establishing the theoretical
foundations and guarantees of GEMD fusion, while further
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considerations of weight function optimization are left for
future work.

The rest of this paper is organized as follows: Section II
presents an overview of definitions of conservativeness as they
pertain to developing fusion rules and summarizes the existing
EMD fusion rule. In Section III, the new GEMD fusion rule is
presented and shown to retain the desired properties of existing
fusion rules while providing significantly more flexibility. A
motivating example presented that demonstrates the utility of
the fusion rule and connects it with applications involving
fusion with different and limited fields-of-view. Several other
potential use cases are presented. Section IV demonstrates
examples of weight functions that create conservative fusion
results aligned with the theory in Section III. A numerical
example for limited fields-of-view is also presented as a
relevant case where the fusion rule provides practical benefits.
Section V presents concluding remarks.

II. BACKGROUND

Lubold and Taylor establish formal definitions of distribu-
tion conservativeness that play a central role in this work [12].
Thus, the key results from their work are summarized here.
Section II.A gives an overview of minimum volume sets which
aid in defining the properties of conservativeness. Section II.B
presents existing definitions of conservativeness and properties
useful to determining if distributions meet the necessary con-
ditions. Section II.C summarizes EMD fusion to give a basis
for the generalization of the fusion rule in Section III.

A. Minimum Volume Sets

The concepts of conservative approximations rely heavily on
properties of minimum volume sets. The variables considered
in this paper are continuous random variables with λ-density,
taking values in Rm with Borel σ-algebra B(Rm) [12]. A
minimum volume set (MVS) is defined as the smallest volume
or Lebesgue measure λ of the domain of a pdf p that contains a
probability mass at least equal to some specified value α [13].

Definition 1 (Minimum Volume Set [12]). Let Pr be a
probability measure with λ-density p. A minimum volume set
with probability α ∈ [0, 1] for pdf p is

Mp(α) := arg inf
X⊆Rm

{λ(X) : Pr(X ) ≥ α} (1)

If α = 1, then Mp(α) = supp(p), where supp(p) is the
support of pdf p; this holds for any valid pdf. Further, as α
decreases, Mp(α) shrinks towards the distribution mode. The
MVS corresponds to an equivalent superlevel set Sp(fα) :=
{x : p(x) ≥ fα} where the boundary of both Mp(α)
and Sp(fα) is the level set fα [12]. Figure 1 visualizes a
MVS defined for a Gaussian mixture.

B. Definitions of Conservativeness

In dynamic distributed sensor networks, it is intractable
to maintain estimates of the correlations between agents that
come from process noise or previously shared data [14]. It is
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Fig. 1: 1-dimensional minimum volume set of univariate
Gaussian mixture for α = 0.99.

assumed that the agents’ distributions are informed by observa-
tions that are conditionally independent given the state and can
be factored based on their common and exclusive information.
Note that the common process noise does not impact the con-
ditional independence of the measurements. The distribution
that is conditioned on the common information between the
two agents is defined as pC(x) = p(x|(Za ∩ Zb)), where Za

and Zb are the prior information of agent a and b respectively.
The distribution conditioned on the exclusive information of
agent a is denoted pa\C(x) = p(x|Za\(Za∩Zb)) and excludes
all common information. This goes similarly for agent b.
When pC(x) is not explicitly known and data dependencies
are not tracked, conservative fusion is desired. A conservative
fusion rule is one that does not underestimate the uncertainty
of the unknown optimal Bayesian fused distribution

pt(x) =
1

ηt
pC(x)pa\C(x)pb\C(x) (2)

where ηt is the normalization constant [3]. None of the
methods proposed require the explicit factorization in (2); it
is defined as a means of comparison to prove key theoretical
properties to validate the GEMD fusion rule.

To find the optimal fusion result, all correlations between
agents must be meticulously tracked, which is impractical in
large networks with dynamic topologies. While conservative
fusion is an inherently suboptimal solution, it allows for
tractable and effective approximations of the unknown optimal
result. A conservative fusion rule must be formulated to guar-
antee that common information is not double-counted since
the correlations between agent estimates are unknown. If in-
formation common to both agents is incorporated redundantly,
the fused result will become corrupted through overconfidence
towards the double-counted data. As a consequence of the
robust formulation required, conservative fusion rules result
in losses of new exclusive information, leading to suboptimal
results [1].

One definition of conservativeness requires that distributions
obey the non-decreasing entropy property

H(p(x)) ≤ H(p̃(x)) (3)



and the order preservation property

p̃(xi) ≤ p̃(xj) ⇔ p(xi) ≤ p(xj) (4)

where p̃(x) is a conservative approximation of p(x) and xi

and xj are two different states within the distribution sup-
port [15]. This definition of conservativeness is overly strict
and eliminates many reasonably conservative approxima-
tions [12]. The order preservation property requires the dis-
tributions to have the same essential shape which allows for
direct comparisons of their relative flatness [15]. This restric-
tive definition undesirably excludes approximations that differ
in shape yet otherwise exhibit the conservative characteristics
sought in sensor fusion applications.

Another definition of conservativeness, ‘weakly conserva-
tive,’ is proven to hold for existing fusion rules and is less
restrictive than the previously discussed definition. There are
three conditions for a distribution to be weakly conservative:

1) supp(pc) ⊇ supp(pt)
2) Prt(Mt(α)) ≥ Prc(Mt(α))
3) There exists Mc(α) s.t. Prt(Mc(α)) ≥ Prc(Mc(α))

The definition of weakly conservative states that Condi-
tions 2 and 3 must hold true for some subset of high-
probability minimum volume sets, such that it is true for
all α ∈ [α′, 1] where 0 ≤ α′ < 1 [12]. By only requiring
some subset of large values of α to fulfill the conditions,
the importance of the behavior of the distribution tails is
emphasized. This definition focuses on ensuring that for larger
subsets of the support, the uncertainty in the distribution is
not underestimated. Condition 3 is a less restrictive constraint
similar to the order preservation property; it does not require
the local maxima to be identical and instead shifts the focus
to the relative behavior of the distribution tails. For large α
values, Condition 3 seeks to keep the distributions centered
near similar locations of the domain without requiring exact
order preservation for all function values.

Based on these conditions, a simple method to summarize
whether a distribution is weakly conservative with respect to
another can be constructed.

Proposition 1 (Weakly Conservative Based on Bounded-
ness [12]). Let pc and pt be pdfs with infinite support.
Let A = {x : pc(x) < pt(x)}. If A is bounded, pc(x) is
weakly conservative w.r.t pt(x).

Proof of Proposition 1 is available in [12]. Proposition 1 is
visualized in Figure 2, which illustrates examples of conser-
vative and non-conservative approximations.

C. Exponential Mixture Density Fusion

EMD fusion is generalized from the covariance intersection
algorithm and combines its input distributions log-linearly.
EMD fusion is computed as

pf (x) =
1

η
pa(x)

ωpb(x)
1−ω (5)
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Fig. 2: Visual of Proposition 1, comparison of a) conservative
approximation pc and b) non-conservative approximation pnc.

where η =
∫
R pa(x)

ωpb(x)
1−ωdx is the normalizing con-

stant [5]. The weight is constrained to only admit values ω ∈
[0, 1]

EMD fusion is referred to by several other names including
Kullback-Leibler averaging (KLA) [16], Chernoff fusion [17],
logarithmic opinion pooling [18], and geometric mean density
(GMD) fusion [15]. EMD fusion has been proven to be robust
against double-counting information. This property prevents
rumor propagation and bias towards a subset of the data.
EMD fusion is also weakly conservative with respect to the
optimal Bayesian fused distribution where all dependencies
are known [12].

III. GENERALIZED EXPONENTIAL MIXTURE DENSITY
FUSION

In this section, the new GEMD fusion rule is proposed. In an
effort to improve methods of state estimation on large domains
with ad hoc communication networks, a generalization of an
existing and robust fusion rule can expand current function-
alities of fusion. The GEMD rule allows for fusion using
dynamic weight functions instead of static weights across the
domain. This generalization enables ignorance-aware fusion
of distributions that span different and partially-overlapping
effective supports, among other applications. To prove the
validity of the proposed fusion rule, it will be shown that
GEMD fusion avoids double-counting information satisfies the
aforementioned definition of weak conservativeness. Its utility
will also be demonstrated through a relation to work on multi-
sensor fusion with different limited fields-of-view.

A. Definition of Fusion Rule

This paper proposes a generalization of the EMD fusion rule
in (5) to admit arbitrary state-dependent weight functions. The
GEMD fusion rule is defined as

pf (x) =
1

ηf
pa(x)

ω(x)pb(x)
1−ω(x) (6)

ηf =

∫
pa(x)

ω(x)pb(x)
1−ω(x)dx (7)

where ηf is the normalizing constant. The weight functions
can take values such that ω(x) ∈ [0, 1] ∀x. This rule applies to
general non-Gaussian distributions and produces conservative
fusion results that do not double-count common information.

The fusion weight ω(x) must be less than unity to ensure
that uncertainty is not increased beyond what is known for the



distribution. This constraint ensures biases towards a subset
of the data are avoided. When raising the distribution to
a power between zero and one, all values trend towards
unity, increasing the flatness and therefore also increasing the
uncertainty [15]. It also follows from the form of the fusion
rule that a weight greater than unity would force the second
input distribution to have a negative weight, which could cause
issues arising from non-positive definiteness.

The form of the fusion rule for two inputs guarantees that
the sum of the weights is equal to unity. When extended to
more than two inputs, this is less trivial. This condition must
be met to ensure that common information is only counted
once, shown in Theorem 1.

B. Conservativeness

The assumptions made in this paper for the following proofs
include that the distributions have infinite support and that
the input distributions can be factored into their exclusive and
common information, pi\C(x) and pC(x), such that the full
belief of agent i is defined as pi(x) = pi\C(x)pC(x), and
that the factored distributions can be normalized to integrate
to one. Note that the factorization of these distributions is
not necessary to perform GEMD fusion and that in practical
applications the common information is unknown. This as-
sumption is made to allow computation of the optimal fused
result—which is generally unknown—in order to demonstrate
the conservativeness of the GEMD fused result.

An important characteristic of the proposed fusion rule is
that it does not double-count the same information arriving
from different channels. Double-counting information corrupts
the posterior pdf through bias towards the common infor-
mation [15], and can ultimately result in inconsistent state
estimates.

Theorem 1 (Information Double-Counting). Let pa(x) =
p(x|Za) and pb(x) = p(x|Zb) be pdfs with infinite supports
and prior observations Zi that are conditionally independent
given the state. Then, the GEMD fusion result of (6) does not
double-count information.

Proof. The input pdfs are expanded based on Bayes’ rule and
the conditionally independent data assumption.

pf (x) =
1

ηf
p(x|Za)

ω(x)p(x|Zb)
1−ω(x)

∝ (p(Za|x)p(x))ω(x)(p(Zb|x)p(x))1−ω(x)

= p(Za\Zb|x)ω(x)p(Zb\Za|x)1−ω(x)p((Za ∩ Zb)|x)p(x)
It follows that each component of independent information is
weighted by its respective fusion weight, and the weight of
the common information sums to unity due to its presence in
both input distributions.

This proof supports the fact that the sum of fusion weights
must equal unity for all x for GEMD fusion. If the sum of the
weights was greater than unity, the common information would
be counted more than once, implying some degree of known
dependence and creating a risk for rumor propagation [15].

The following theorem establishes that the proposed GEMD
fusion rule is weakly conservative with respect to the optimal
Bayesian fusion result for weight functions ω(x) ∈ [0, 1]∀x.

Theorem 2 (Weakly Conservative Generalized EMD Fusion).
The result of GEMD fusion pf (x) in (6) is weakly conservative
with respect to the optimal Bayesian fused distribution pt(x)
in (2).

Proof. The proof follows a form similar to [12] but is gener-
alized for the proposed GEMD rule. Define a ratio between pf
and pt

h(x) :=
pf (x)

pt(x)
=

ηt
ηf

pa(x)
ω(x)pb(x)

1−ω(x)

pC(x)pa\C(x)pb\C(x)
(8)

Factoring the GEMD input distributions into their common
and exclusive information results in the simplified form

h(x) =
ηt
ηf

pa\C(x)
ω(x)−1pb\C(x)

−ω(x) (9)

Because ω(x) ∈ [0, 1] ∀x, h(x) diverges as ||x||2 → ∞.
This means that there exists a finite value xA such that h(x) >
1 for ||x||2 > xA and therefore a finite value xA where pf (x)
crosses pt(x). Because xA is finite, A = {x : pf (x) < pt(x)}
is bounded, and by Proposition 1, pf (x) is weakly conservative
with respect to pt(x).

With Theorem 1 and 2 proven, GEMD is established as
a weakly conservative fusion rule and one that is immune
to information double-counting. It meets the same standard
properties as EMD fusion and other existing state-of-the-art
fusion methods. The traditional EMD fusion can be viewed
as a special case of the generalized rule in (6) using a weight
function ω(x) = k where k is some constant k ∈ [0, 1]. The
GEMD state-dependent fusion weights provide an extra degree
of control that can be leveraged to mitigate the pitfalls of
EMD when applied to disjoint and overlapping sensor fields-
of-view, as discussed in the following subsection. Additional
knowledge related to variations in information quality across
the domain can also be captured with a variable fusion weight.
The information quality variation could originate from sensor
geometry, field-of-view (FoV) boundaries, variable clutter in-
tensity, or temporal differences within the effective support.

C. Application to Limited Fields-of-View

In large-scale tracking problems, the practical assumption
is often made that probability density outside of an agent’s
FoV is zero [4], [9]. This assumption is made to maintain
tractability, as it is impractical and inefficient for agents with
computational limitations to maintain predictive models of
regions that they have no measurement data for when operating
in distributed networks. However, when agents with disjoint
or partially-overlapping supports fuse with EMD fusion, the
estimates are discarded in the non-overlapping region of their
supports [4], [19],[10]. Because standard EMD fusion does not
properly handle estimates outside of the overlapping region,
probability mass loss becomes problematic where support



diversity is present. To account for this, weight functions can
be designed to partition the global support into the common
and exclusive regions. This form of weight function allows
for a differentiation between low probability mass due to
local null observations and low probability mass due to lack
of observations. Being able to encode an agent’s ignorance
into the fusion weight can facilitate fusion over different
effective supports without improperly discarding estimates and
corrupting beliefs throughout the network.

Consider now the single-object target tracking in clutter
problem, wherein object existence is known almost surely, yet
agent beliefs are multimodal as a result of data association
uncertainty. Using a piecewise weight function formulation,
indicator functions are designed to partition the domain into
regions common to both agents and exclusive to individual
agents. An example is presented for two agents, a and b, fusing
over their respective overlapping or disjoint FoVs, Va and Vb.
Determination of an object’s presence within the FoV may
only depend on the lower-dimensional “position” space Xp,
where Xp × Xv = Rm and Xv represents the space of non-
position coordinates [20]. The FoV is defined as a compact
subset Vi ⊆ Xp, and the projection of the state x corresponding
to the position space is denoted xp = projXp

(x).
The weight function designed for the single-object tracking

in clutter problem is

ω(x) =


1 if xp ∈ Va\C
ω∗ if xp ∈ VC

0 if xp ∈ Vb\C

(10)

= 1Va\C (xp) + ω∗1VC
(xp) + 0 · 1Vb\C (xp) (11)

where VC = Va ∩ Vb is the FoV region common to both
agents, Vi\C is the FoV region exclusive to agent i, and ω∗ is
the optimal fusion weight over the common FoV region. The
optimal weight ω∗ can be found based on an existing weight
selection method such as Chernoff or Bhattacharyya fusion [3].
From (11), the weight of the second input distribution would
be

1−ω(x) = 0·1Va\C (xp)+(1−ω∗)1VC
(xp)+1Vb\C (xp) (12)

By this fusion weight function design, the resulting GEMD
fusion is

pf (x) ∝ pa(x)
ω(x)pb(x)

1−ω(x) (13)

= pa(x)
1Va\C (xp)pa(x)

ω∗1VC
(xp)

· pb(x)(1−ω∗)1VC
(xp)pb(x)

1Vb\C (xp) (14)

which resembles the result of Bayesian-operator InvaRiance
on Difference-sets (BIRD) fusion [9]. BIRD fusion is a multi-
object tracking application of fusion using random finite sets,
while GEMD is defined over standard single-object densities.
Despite these inherent differences, the result aligns with those
produced by BIRD fusion. BIRD fusion performs EMD fusion
only within the common FoV while preserving the existing
density shapes of each agent in their exclusive FoVs. This
is achieved by decomposing the input distributions based

on the common and exclusive subsets of the union of the
FoVs [9]. Through an appropriate fusion weight function
design, a single-object variant of the BIRD fusion rule is
recovered as a special case of GEMD fusion, and thus inherits
the aforementioned property of weak conservativeness. GEMD
fusion can also be further generalized as ω∗ could be replaced
by a state-dependent function as well, rather than a static
weight over the common region. GEMD can also be extended
to handle fusion from more than two agents in a single fusion
step which can decrease computational loads and processing
times.

D. Further Applications

There is a broad set of applications where GEMD fusion
would be useful to improve estimates or provide additional
control benefits. The GEMD framework could allow subsets
of a distribution to be withheld from neighbors for privacy
reasons and still allow the receiving agent to improve its
estimate without risk of information dilution in the excluded
region. The ability to communicate partial solutions is also
useful in bandwidth-limited scenarios where it may not be
feasible for an agent to share its full distribution. Additionally,
variations in information quality across the support due to
variable clutter intensity or unfavorable sensor geometry can
be accounted for in the weight function design. The fusion
rule also shows promise in multi-sensor multi-object tracking
applications. It provides an effective way to fuse beliefs of
agents with different effective supports without extreme data
losses in exclusive regions.

IV. NUMERICAL EXAMPLES

A. Arbitrary Weight Functions

To demonstrate the versatility of the proposed GEMD fusion
rule, a univariate fusion example is considered using six
primitive fusion weight functions of varying practical utility.
The weight functions presented are

1) Constant: ω(x) = 0.5

2) Piecewise: ω(x) =

{
0.9 if x ≤ 0

0.1 if x > 0
3) Sinusoidal: ω(x) = 0.5 sin(4x) + 0.5
4) Sigmoid: ω(x) = 1

1+exp(−x)

5) Parabolic: ω(x) =

{
−0.01x2 + 0.5 −5 ≤ x ≤ 5

1 otherwise

6) Linear: ω(x) =

{
−0.05x+ 0.5 −5 ≤ x ≤ 5

1 otherwise
The constant weight function yields standard EMD fusion.

The piecewise weight function can be employed to capture
sharp changes in the degree of overlap among agents’ effective
supports. The piecewise formulation also enables the exchange
of partial solutions in a bandwidth-limited or federated net-
work. The sigmoid weight function exhibits similar properties
to the piecewise function but is smooth and continuous.
This smoothness is desirable from the information-theoretic
perspective that the multiplicity and sharpness of density peaks



relate to how informative a distribution is [21, 22]. The linear
and parabolic weight functions can be constructed to in-
corporate geometry-dependent signal-to-noise characteristics.
Linear weight functions could be used to represent temporal
characteristics of sweeping satellite sensors, indicating greater
trust in measurements taken more recently or after the sensor
settles [23]. Parabolic weights could be used, for example,
to represent higher trust at the center of a FoV and lower
trust near its boundaries. The sinusoidal weight function has
questionable practical utility, yet demonstrates the ability to
represent a variation in sensor trust across a support based on
a non-standard noise model. While practical uses can be found
conceptually for each of the presented function forms, these
serve primarily to support the proofs defined in Section III
by numerically demonstrating that the results of the fusion
rule are weakly conservative. Future work will propose an
optimization problem that generalizes weight function design
to any problem while meeting the criteria defined in this paper
for a valid fusion rule.

The input functions are shown as both the full belief of
the agent and the factored exclusive and common informa-
tion distributions in Figure 3. For this example, the input
distributions are Gaussian mixtures. Denote by N (x;µ, σ) a
univariate Gaussian density on x with mean µ and standard
deviation σ. The distribution conditioned on the common
information is defined as the Gaussian mixture pC(x) =
0.6N (x;−1.5, 1.1)+0.4N (x; 0.6, 0.8). The distributions con-
ditioned on the exclusive information for each agent a and b
are defined as pa\C(x) = N (x;−0.8, 1.2) and pb\C(x) =
N (x; 1, 0.9) respectively. The agent’s full estimate is defined
as pi(x) = pi\C(x)pC(x) and is used as the input to the
GEMD fusion method such that the common information is
unknown.
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Fig. 3: Fusion input distributions for state-dependent weight
function examples.

The optimal Bayesian fusion result and the GEMD fusion
result for each of the weight functions are shown in Figure 4.
These plots exhibit the expected behavior based on the defi-
nition of weakly conservative fusion because the tails of the
approximate distribution overestimate the overall uncertainty
for large values of x, and the peaks for the conservative fusion
result are lower than that of the optimal Bayesian fusion. To
gain further insight, the ratio of the distributions h(x) in (8)
is also examined to demonstrate Theorem 2. In Figure 5, the

diverging behavior of h(x) for large values of x supports that
weight functions ω(x) ∈ [0, 1] ∀x produce valid conservative
fusion results, as proven in Theorem 2.

B. Limited Fields-of-View Example

The application of this fusion rule is especially useful in
large distributed estimation problems with distribution support
diversity. In these applications, standard EMD fusion is not
functional because probability mass outside of the overlap-
ping region of the agent’s effective support is not properly
considered. An example based on this problem formulation
is presented to demonstrate the benefits of GEMD and its
ability to effectively handle fusion on diverse supports. This
example is performed on a global FoV x ∈ [−20, 20], which
is the union of both agents’ FoVs. Agent a’s FoV Va spans
x ∈ [−20, 5] and agent b’s FoV Vb spans x ∈ [−5, 20].
This makes the common FoV region VC span x ∈ [−5, 5].
The weight function used in this example follows (11) us-
ing ω∗ = 0.5 as in Bhattacharyya fusion.

The input distributions used in this example
are pa(x) = 0.25N (x;−15, 1.1) + 0.15N (x;−11, 1.2) +
0.3N (x;−2, 0.8) + 0.3N (x; 0, 1.2) and pb(x) =
0.2N (x;−1.5, 0.9) + 0.2N (x; 0.6, 0.8) + 0.6N (x; 12, 1.1).
While the inputs are Gaussian mixtures with infinite support,
their effective supports are reasonably within the bounds of
their respective FoVs, aligning with the common assumption
that agents only maintain estimates on their local sensing
region. The input distributions and the relevant FoV regions
that partition the domain are shown in Figure 6.

By separating the fusion domain into subdomains, the
probability in the non-overlapping regions is not penalized by
the lack of information from the second agent as seen in the
comparison between standard EMD fusion and GEMD fusion
in Figure 7. Thus, it is demonstrated that the GEMD fusion
rule is able to perform meaningful and effective fusion in
the presence of diverse supports without discarding reasonable
beliefs in the agents’ exclusive support regions.

V. CONCLUSION

This paper presents a generalized model of the EMD fusion
rule that can accept arbitrary state-dependent weight functions.
It is proven to be robust to double-counting information
and to be weakly conservative with respect to the optimal
Bayesian fused distribution, two properties desired for a fu-
sion rule of distributions with unknown data correlations. A
relevant application to fusion in different and limited FoVs
is presented and shown to be attainable within the GEMD
framework. These methods are motivated by multi-sensor
tracking problems on large domains where agents are likely
to have distribution support diversity. By this approach, fusion
can be performed from incomplete solutions with exclusive or
partially-overlapping effective supports. More control over in-
formation quality across the domain can also be accounted for
using a dynamic fusion weight. Future work will explore pos-
sible objective functions and formally introduce optimization
methods for weight function design to maximize the benefit
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Fig. 4: Fused distributions compared to optimal Bayesian fusion with various arbitrary weight functions: a) constant weight,
b) piecewise weight function, c) sinusoidal weight function, d) sigmoid weight function, e) parabolic weight function, f) linear
weight function.
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Fig. 6: Input distributions for limited fields-of-view fusion
example.

of the additional degree of freedom offered by GEMD. Thus,
the presented methods are possibly well-suited for tracking
applications using large-scale dynamic sensor networks.
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Fig. 7: Fusion with and without FoV consideration.
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